4  Calculus

Given the function f(x), compute d" f/dx" at given x

Compute | ab f(x) dx, where f(x) is a given function



4.1 Derivatives
* |n mathematics, the rate of change of a function is referred to as the derivative.

» For a function of a single variable, the derivative at a given point is the slope of the tangent

(1)

Centered difference form

f(t-i—&t/Z)—f(t—&t/Z)]

dt A0 At
df

—— = derivative of f(f) with respect to t = lim (
df At—0

ft+At)—f(t
( AAB ()] =lim{f(r)_f(r_&t)}

Forward difference form At—0 At

Backward difference form




4.1 Derivatives

L dx Hm[x(HAr)—x(r)
dt A0 At

where
v 1s velocity
X 1S position
f 1s time

Velocity from Displacement

d df d
] ai((0)= d}; @
Chain rule
d(f-g) _,dg  df
dt _fdr+gdr

Product rule

d g;) -

Derivative of t"

<= f(x:y)
a f(x+Ax,y)=f(x,y)
Ox Ax—0 Ax

Partial Derivatives

i = lim (][(x, Y -I-ﬁ)’)— f(xﬁy)
Ay

ay Ay—0

J



4.2 Numerical Differentiation

= The derivation of the finite difference approximations for the derivatives of f (x) are based on

forward and backward Taylor series expansions of f (x) about x, such as

’ h2 17 1?3 11 134 {4)
fx+h) = f(x) + hf' (x) + ﬁf (x) + yf (x) + Ef (x) + - - (a)
) h h o h* @ > ) ht @
f(x—l'z)=f(x)—hf(x]+§f(xl—yf"'(x)—sz (x) —--- (b) f(X+h)+f(x—h)=2f(X)+h“f'(X)+Ef (x) +---
h?
, Lo 2wE 2h?® _, fx+h — fx—h) =2hf'(x) + —f"(x) +...
fx+2h) = f(x) + 2hf'(x) + ——f" () + —— " (%) (c) 3
4 4h* _,
+%f{4} () + - - Fox+ 20 + fx = 2) = 2£(6) + 40 £/ () + = F 0 4 -
| 8h’
(2h)2 (2h)3 flx+2h) — f(x —2h) = 4hf'(x) + ?!f"”(x) 4.
flx—=2h) = f(x) —2hf"(x) + o 7 (x) — 3 1" (x) (d)
2h)*
+%f{4}(x) .

= Equations (a)—(h) can be viewed as simultaneous equations that can be solved for various
derivatives of f (x).



4.2 Numerical Differentiation

Coefficients of central finite difference approximations of O(h?)

fix=2h | fix—n | fx | fix+h | f(x+2h)
2hf'(x) -1 0 1
h? f(x) 1 -2 1
2h° f"(x) —~1 2 0 -2 1
h* f% (x) 1 —4 6 —4 1

Coefficients of forward finite difference approximations of O(h)

Coefficients of backward finite difference approximations of O(h)

flx—4h) flx—3h) flx—2h) flx—h) f(x)

hf'(x) -1 1
hzfﬁ (x) 1 -2 1
h3 f" (x) —1 3 -3 1
R @ (x) 1 —4 6 —4 1

f(x) flx+h) flx+2h) flx+3h) flx+4h)
I () T 1
h? f"(x) 1 —2 1
h3 f(x) —1 3 -3 1
h () ! —4 6 —4 ! Truncation error is now O(h), which is

not as good as the O(h?) error in central
difference approximations.



4.2

Numerical Differentiation
Coefficients of central finite difference approximations of O(h?)

fix=2h | fix—n | fx | fix+h | f(x+2h)
2hf'(x) -1 0 1
h? f(x) 1 -2 1
2h° f"(x) —~1 2 0 -2 1
h* f% (x) 1 —4 6 —4 1

Coefficients of forward finite difference approximations of O(h?)

fx) | fix+h | flx+2h) | f(x+3h) | flx+4h) | flx+5h)
2hf"(x) -3 4 —1
h? £ (x) 2 -5 4 -1
213 " (x) 5 18 —24 14 -3
h f®(x) 3 —14 26 —24 11 —2

Coefficients of backward finite difference approximations of O(h?)

flx—=5h) | fix—4h) | fix—=3h) | f(x—=2h) | fix—"h) | f(x)

2hf"(x) 1 —4 3
h? " (x) ~1 4 -5 2
213 " (x) 3 —14 24 —-18 5
I (x) —2 11 —24 26 —14 3

Noncentral Finite Difference Approximations
result in O(h?) error.



f(x=2h | fix—=h | fx) | fix+h | f(x+2h
4.2  Numerical Differentiation: Example 21" (x) 1] o0 1
e . . h? f"(x) 1 -2 1
Given the evenly spaced data points 2R — . . = 1
x 0 0.1 0.2 0.3 0.4 o) ! 4] 6 —4 !
f(x) || 0.0000 | 0.0819 | 0.1341 | 0.1646 | 0.1797

compute f’(x) and f”(x) at x = 0 and 0.2 using finite difference approximations of

O(h?). | [ F0 [ fac+h) | fe+2h) | fx+30) | flx+4h) | flx+5h) |
2hf(x) -3 4 -1
Solution From the forward difference formulas in Table 5.3a, we get W f"(x) 2 -5 4 ~1
213 f (x) -5 18 —24 14 -3
1A f@ () 3 —14 26 —24 11 —2
—3f(0) +4/(0.1) — (0.2 —3(0) +4(0.0819) — 0.1341
£10) = f(0) +4£(0.1) — f( )= (0) + 4( ) — 0.967
2(0.1) 0.2
£1(0) = 2f(0) —5f(0.1) + 4 f(0.2) — f(0.3)
- (0.1)2
_2(0) —5(0.0819) +4(0.1341) — 0.1646 377
B (0.1) -
The central difference approximations in Table 5.1 yield
—f(0.1 0.3 —0.0819 + 0.1646
f0.2) = JOD +710-3) _ T = 0.4135
2(0.1) 0.2
0.1) —2f(0.2 0.3 0.0819 — 2(0.1341) + 0.1646

(0.1)? (0.1)? 7



4.2

Numerical Differentiation: Example

The linkage shown has the dimensions @ = 100 mm, b = 120 mm, ¢ = 150 mm,
and d = 180 mm. It can be shown by geometry that the relationship between the

angles o and B is
(d —acosa — bcosﬁ)2 + (asina +bsinﬁ)2 — & =0

For a given value of @, we can solve this transcendental equation for g by one of the
root-finding methods

« (deg) 0 5 10 15 20 25 30
g (rad) || 1.6595 | 1.5434 | 1.4186 | 1.2925 | 1.1712 | 1.0585 | 0.9561

If link A B rotates with the constant angular velocity of 25 rad/s, use finite difference
approximations of O(h?) to tabulate the angular velocity dg/dt of link BC against a.



4.2

Solution The angular speed of BC is

dp

dp da

dt — doa dr

d
25—"3

da

rad/s

Numerical Differentiation: Example

f(x=2h | fix—=h | fx) | fix+h | f(x+2h
2hf'(x) —1 0 1
h? f"(x) 1 -2 1
213 f(x) -1 2 0 -2 1
h* f¥ (x) 1 —4 6 —4 1

where df/da is computed from finite difference approximations using the datain the
table. Forward and backward differences of ((h?) are used at the endpoints, central
differences elsewhere. Note that the increment of & is

T
h = (5deg) ( 3
The computations yield
"3(04::] — 25 _3;3(0”) + 413 (5{-}] - ﬁ(]-[]\]]
2h
= —32.01rad/s

2h
and so forth.

The complete set of results is

1.4186 — 1.6595

25

srad / deg) — 0.087266 rad

[ F0) ] fac+h) | flx+2h)
4

| flx+3R) | flx+4h) | flx+5h) |

2hf'(x) -3 -1
h? [ (x) 2 -5 4 -1
213 f (x) -5 18 —24 14 -3
h* @ () 3 —14 26 —24 11 -2

—3(1.6595) +4(1.5434) — 1.4186

2 (0.087266)

2(0.087266)

— —34 51rad/s

alpha=[0:5:30]"*pi/180
beta=[1.6595;1.5434;1.4186;1.2925;1.1712;1.0585;0.9561]
dbeta dt=25*gradient (beta, alpha)

o (deg) 0 5

10

20

25

30

B (rad/s) || —32.01 | —34.51

—35.94

—35.44

—33.52

—30.81

—27.86




4.3

Integrals

Derivatives

Integrals

Differentiation is the process of

Integration 1s the process of finding the

Concept finding g(t) from f(t). anti-derivative f(t) from g(t).
J ?
7 ™ \llr s
—~ df —— _df
Numerical df _f(t+at)—f(t) ) — F(t) = Zn: £IAL
Approximation dt ~ At PSS i=1 o
t; =t, +iAt
d ‘ e
g0= fO-fC = [ gyt
Mathematical dt t*=
Definition Y ACRE ket O A
At—0 At = lim Zg(n)ﬂt
At=0
i=1
% is the slope of the f(t) curve. _f:.:tﬂ g(t*)dt*® is the area under the
Geometric ) g(t) curve.
Interpretation g(t*)
t :,', e F

10



4.6  Numerical Integration: Trapezoidal Rule
f(x)

Y (b)

flay””
. a b

= The trapezoid rule uses a linear interpolation to approximate f(x). An integral using the trapezoid
rule approximation is shown in Figure

b -

I = jf(x)rfx = ,[[f(ci’) + f(b)_ }((d) (x— cr).}f}:

b—a

a >

;;(z;_d)[f(”)jf(h)j

11



4.6

f(x)

b

Yo

Numerical Integration:

Y1

Yo

y = flx)

Trapezoidal Rule

I = .[f(x)dx = jf'(x)ffx+ .[f(x)a’x+---+ J f(x)dx
~ hrf(i’f{m)Jrf(xl)Jr;} f(:‘{'l)-Ff(?{'g) ) f(xﬁ._l)+f(x”)

2 2 2

- i{f(xﬂ)ui,ﬁ(x,)ﬁ(xn)}

Lh
width |

I= (EJ—;I)}L '
—

1 yar
Ez—ﬁ(h—fi)f}zf

avera g{t: height

\yn

0

Xy xg+h xy+2h

xo+nh3{

Xy + nh
j + ﬂﬂd-tl'g'[b’u*?n]'*'ﬂh"'l"'z""'“"';"'n-l”
Il
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4.6 Numerical Integration: Trapezoidal Rule (Example)

04

0.3

f(x)

. . 0.2
As an example, consider the integral

0.1
b

I = j‘f(x)dx = jxe”a’x

X=4a

In this case, the exact integral can be determined as

04
et = (_ xo ¥ _ E_x)x=e: _ (_ et _ o ) B (_ . e“") 0.3
- X 02

Choosing a=0 and b=4 gives I_,,..=0.9084.
0.1

n=1, err=83.9%

f(x)

©
N

n=4, err=9.2%

04

n=2, err=32.3%

n=8, err=2.4%




4.6 Numerical Integration: Trapezoidal Rule (Example)

% House Keeping
clc

clear

clear all

% Exact Function

syms X

a=0

b=4

n=[1;2;4;8]

exact=vpa(int(X.*exp(-X),a,b))

figure(1)

fplot(@(X) X*exp(-X),[a b],'b")
title('Trapezoidal Integration’,' FontSize',20); % Title
xlabel('x', FontSize',18); % Labels the x-axis
ylabel('f(x)', FontSize',18); % Labels the y-axis
grid; %Includes grid lines in the plot

hold on

% Trapezoidal Rule
for i=1:max(size(n))
x=[a:(b-a)/n(i):b]
y=x.*exp(-X)
txt = ['n = ,num2str(n(i))];
plot(x,y, DisplayName',txt)
legend show
[=trapz(x,y)
error(i)=100*(exact-I) /exact
end
figure(2)
plot(n,error)
title('Percent Error', FontSize',20); % Title
xlabel('n','FontSize',18); % Labels the x-axis
ylabel('% Error',FontSize',18); % Labels the y-axis
grid; %Includes grid lines in the plot

14



4.6

0.35

0.31

0.25

Numerical Integration: Trapezoidal Rule (Example)

Trapezoidal Integration
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4.6  Numerical Integration: Simpsons one-third rule

= |nstead of a linear interpolation as used with the trapezoid rule, Simpson’s rules use higher-order
polynomials. The quadratic and cubic interpolating functions are shown in the following Figure

f(x) Trapezoidal £(x) Simpsons 1/3 rule f(x) Simpsons 3/8 rule

Ty +

nh h .
), @ dx=l0p+5) + 40, +3) 4 43, ) + 205 +3,++3, )1 Simpsons 1/3 rule

-:xﬁ +

nh 3h .
fE)dx=—=10p+,) + 30, +Dp + 344 V5 + 47, ) + 203+ ¥+ +¥,5]  Simpsons 3/8 rule

L 7]

16



4.6 Numerical Integration: Example

= Evaluate f ° diz using a) Trapezoidal rule; b) Simpson’s 1/3 rule; c¢) Simpson’s 3/8 rule.

f(x) 0.05884 0.0385  0.027

y yO yl y2 y3 y4 y5 y6
By Trapezoidal rule,

6 1 h
Io 1422 =§[(yo+y6)+2(}'1+y2+y3+y4+y5)]

1
E[(1+ 0.027) + 2(0.5 + 0.2 + 0.1 + 0.0588 + 0.0385)] = 1.4108.
By Simpson’s 1/3 rule,

N |
I =—l(yo+y6)+4(y, +¥q +¥g) + 20y, + y,)]
0 1+x?

= 5 [(1+0.027) + 4(0.5 + 0.1 + 0.0385) + 2(0.2 + 0.0588)] = 1.3662.
By Simpson’s 3/8 rule,

l-ﬁ 1 3h
= (Vg +¥g) + 3(y, + + 2
0 1+22 g (0o +Yg) + 30, +;+ 5, +35) + 23

3
=38 [(1+0.027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)] = 1.3571.



4.6 Numerical Integration: Example

6 dx . . ) , . ,
= Evaluate fo — .7 using a) Trapezoidal rule; b) Simpson’s 1/3 rule; ¢) Simpson’s 3/8 rule.
% House Keeping I_trap =
clc
clear 1.4108
clear all
error_| 3.8 =

% Exact Function

X
Zy:rr(;s -0.36644546083921529896209780771262
b=6
n=0 [13=
exact=vpa(int(1/(1+X."2),a,b)) -
% Data 1.3662
x=[a:(b-a)/n:b]
y=1/(+x."2) error_[.1_3 =

% Trapezoidal
[_trap=trapz(x,y)
error_[_3_8=100*(exact-I_trap)/exact

2.8082596776963738498539098910662

% Simpson's 1/3 138=
[_1_3=simpson(x,y,[], 1/3") 13571
error_[_1_3=100*(exact-1_1_3)/exact )

% Si 's3/8

/o Simpson's 3/ error_[_3_8 =

[_3_8=simpson(x,y,[],'3/8")

error_[_3_8=100*(exact-1_3_8)/exact
3.455119987507605727249014490671
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